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1 Abstract

Basics of the feedback theory are presented.
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2 Plan:

• Basic feedback:

closed and open loop transfer functions,

Nyquist criterion of stability.

• Longitudinal feedback:

cavity impedance,

steady state conditions, optimum conditions,

F.Pedersen’s analysis

• Actual longitudinal feedbacks

• Transverse feedback.
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3 Transfer functions of control

system

Dynamics of a linear system is described by a system of

linear diff. equations L̂n(t)y(t) = U(t) of the n-th order,

n∑
k=0

ak
dky(t)

dtk
=

∑
bk
dku(t)

dtk
,

where ak, bk are constants.

Laplace transform y(t)− > ỹ(s), y(s) =
∫
∞

0
f(t)e−st,

y(t) =

∫ σ+i∞

σ−i∞

ds

2πi
ỹ(s)est,

gives for driven solution ỹ(s) = Gn(s)ũ(s), where Gn(s)

is the transfer function,

G(s) =

∑
bks

k∑n
k=0 aks

k
= |G(s)|eiΦ(s),

and the denominator is characteristic polynomial.
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Single element : T (s)

Cascade (open loop transfer function):

a− > b = Ga; b− > c = Hb = GHa;T = c/a = GH;

Parallel elements: T (s) = T1(s) + T2(s).

Figure 1: Transfer function of a control system.
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Feedback transfer function:

Figure 2: Schematic of the direct FB.

E = R−B; C = GE; B = HC = HGE;

E = R−HGE;E =
R

1 +HG
;T =

C

R
=

G

1 +HG

Note: charact. polinomial GH is the open loop TF.
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Note: Discrete feedback system:

yn + byn−1 = a0xn + a1xn−1.

b = 0, finite impulse response filter (FIR),

b 6= 0, infinite response filter (IIR). Stable if |b| < 1.
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3.1 Conditions of stability

The characteristic polynomial is

Pn(s) =

n∑
k=0

aks
k.

The eigen-values sk, k = 0, 1, .., n are the roots

Pn(s) = 0.

Condition of stability Re[sk] < 0.

Routh and Hurwitz conditions of stability: rules on

combinations of coefficients ak.

Nyquist stability criterion:

(don’t confuse with the Nyquist criterion of sampling:

sampling rate 1
∆t > 2∆f):

Consider the transfer function in the form:

T (s) = 1
1+GH(s) , where GH(s) is open loop transfer

function.
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Use theorem: for f(s) = 1 +GH(s), the integral

J =
1

2πi

∫
C

f ′(s)

f(s)
ds;

J = P − Z = nf (0) = nGH(−1)

where P and Z are the number of poles/zeros within

the contour C in s-plane, and nf (0) number of loops

around the origin by the map s→ f(s) = 1 +GH(s),

or, the number of loops around −1 by GH(s) in

Re[GH],Im[GH] plane.

Criterion:

If nGH(−1) = P , there are no zeros of f(s), i.e. no

poles of T (s) with Re(s) > 0 and the system is stable.
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Figure 3: Nyquist criterion for transfer function G(s):

upper plot: n = P = 0, stable. Lower plot: n = −1,

P = 1, unstable.
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4 Low level feedback

Figure 4: Basic direct loop of the cavity FB.

Vc = Zc(Ig − IFB), IFB =
Vc
ZA

=
Zc
ZA

(Ig − IFB),

IFB =
Zc
ZA

Ig
1 + Zg/ZA

, Vc =
IgZc

1 + Zc/ZA
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4.1 Cavity impedance

Impedance of a cavity including coupling ∝ β is given

in terms of the loaded shunt impedance RL and loaded

QL-factor:

Zc(ω) =
RL

1 + iQL(ωc/ω − ω/ωc)
'

RL

1 − 2iQL
ω−ωc

ωc

,

RL =
R0

1 + β
, RL =

R0

1 + β
, QL =

Q0

1 + β
.

At ω = ωg,

Zc(ωg) = RL cosψeiψ,

tanψ = QL(
ωg
ωc

−
ωc
ωg

).
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4.2 Low-level FB transfer function

The effective impedance of the cavity with the direct

FB:

Vc(ω) =
IgZc

1 + Zc/ZA
=

IgRL

1 − 2iQL
(ω−ωc)
ωc

+GFB(ω)
.

GFB(ω) =
RL
ZA

= H(ω)e−iΦ(ω) ' H(ωc)e
−i(ω−ωc)τd ,

' Hg (1 − i(ω − ωc)τd)
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Hence,

Zeff =
RH

1 − 2iQH(ω − ωc)/ωc
,

RH =
RL

1 +Hg
, QH =

QL
1 +Hg

+
Hg

1 +Hg

ωgτd
2

.

FB reduces RL but increases the bandwidth of

revolution harmonics affected by the cavity impedance.

Numbers: Q0 = 3.0 104, QL = 6.6 103, Hg ' 12,

τd = (380 + 150) ns, ωgτd/2 =' 700.
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Ib

Ig

VC

Itot=Ig-Ib

Φs

Φc

Ψ

Figure 5: Phase notations.
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4.3 Steady state of rf cavity: ω = ωg, FB

off

Total excitation current for a cavity: Itot = Ig − IB .

Define:

Ibeam(t) = 2Idc cos(ωgt+ φc − φs) =
1

2
(Îbe

−iωgt + c.c.),

Îb = 2Idce
i(φs−φc), Îb = Ibeam(ωg),

V (t) = Vcav cos(ωgt+ φc) =
1

2
(V̂ce

−iωgt + c.c.),

V̂c = Vcave
−iφc , V̂c = V cav(ωg)

Igen(t) = Ig cos(ωgt) =
1

2
(Îge

−iωgt + c.c.),

Îg = Ig, Îg = Igen(ωg).

Idc is the average beam current, Vcav is maximum

cavity voltage.

Then, defining Îtot = 1
2 (Îtote

−iωgt + c.c.),

Îtot = Îg − |Îb|e
i(φs−φc),

Vcave
−iφc = ÎtotRL cosψeiψ.
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Separating real and imaginary parts,

Îg = |ÎB |
sin(φs + ψ)

sin(φc + ψ)

1 + β

Y
= cosψ

sin(φs − φc)

sin(φc + ψ)
,

where Y = 2R0Idc

Vcav
.

Accelerating voltage Vacc = Vcav cos(φs).

β is defined by the cavity design (matching with the

wave guide), β ' 3.5.

The phase φs is defined by the energy loss/turn:

Vc cos(φs) = U .

The detuning angle ψ is given by

tanψ = 2Ql(ωg − ωc)/ωc.

4.3.1 Optimum conditions

Reflected power is zero provided φc = 0 and Îg = 2β
R0

Vc.

In this case

β = 1 + Y cosφs, tanψ =
β − 1

β + 1
tanφs.
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Example: Some LER PEP-II parameters:

E = 3.1GeV ; f0 = 136KHz; frf = 496MHz;

Idc = 2.25A;Vcav = 0.85‘MeV ;ncav = 6.;

Nb = 5.8125 1010 ; sb = 124.‘ cm;φs = 80.90;

β = 3.9; Y = 18.5; τd = 450.0ns; ψ = 74.90;

∆f = −145.1KHz; fs = 4.5KHz; QH = 6111.1;

USR = 0.76MeV ; Pforward/cavity = 40.3 kW
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4.4 Robinson condition of stability

Energy gain leads to the shift z < 0, and Ibeam get

phase

Ibeam(t) = 2Idc cos(ωt+ φc − φs +
ωgz

c
).

Hence, φs changes, φs → φs −
ωgz
c .

Ig, Idc, ψ, β do not change. Therefore, φc and Y must

change. For stability, the accelerating voltage

Vacc ∝ (1/Y ) cosφs has to change

d(cos(φs)/Y )dφs < 0.

That, after some algebra, gives Robinson criteria of

stability:

0 < sin(2ψ) < 2(
1 + β

Y
) sinφs.
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5 F. Pedersen’s analysis of

stability

Small variation around the steady-state:

δVcav(t) =
1

2
V̂ce

−iωgt[u(t) − iΦ(t)],

δItot(t) =
1

2
Îtote

−iωgt[a(t) − ip(t)],

where u(t),Φ(t), a(t), p(t) are slow functions of time.

Take Fourier transform: a(t)− > a(ω),

a(t)e−iωgt− > a(ω − ωg).

δVc(ω) =
1

2
V̂c [u(ω − ωg) − iΦ(ω − ωg)],

δItot(ω) =
1

2
Îtot[a(ω − ωg) − ip(ω − ωg)].
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Use V̂c = Zc(ωg)Îtot, δVc(ω) = Zc(ω)δItot(ω). Then,

u(ω) − iΦ(ω) =
Zc(ω + ωg)

Zc(ωg)
[a(ω) − ip(ω)].

In F. Pedersen notations (in Laplace transform), the

transfer functions are:

ũ(s) = Gaaã(s) +Gapp̃(s),

Φ̃(s) = Gpaã(s) +Gppp̃(s),

where

Gaa = Gpp = Re[
Z̃c(s− iωg)

Z̃c(−iωg)
,

Gap = −Gpa = Im[
Z̃c(s− iωg)

Z̃c(−iωg)
.
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To close the system, define

δItot(t) = δIgen(t) − δIFB(t) − δIB(t).

The beam current at scav

Ibeam(t) =
Idc
nbcT0

nb∑
n=1

δ(ct− nsb + ζn − scav)

=
Idc
nb

∑
n

∑
k

e
2πik

C
(ct−nsb+ζn−scav)

Retain harmonics k = ±nb and put ζn = z(t), (i.e.

m = 1 mode) and scav = 0:

Ibeam(t) = Idce
−i(ωgt+

ωgζ

c
) + c.c.

In the linear approximation over ζ,

δIb(t) = −iIdce
−iωgt (

ωgζ(t)

c
) + c.c.
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Consider the beam dynamics with ncav cavities in the

ring:

d2ζ(t)

dt2
+ ω2

sζ(t) = −
αcω0ncaveδVc(t)

2πE
.

Note, δVc is taken at the arrival time

tb = {(φs − φc)/ωg − ζ(tb)/c}mod[Trev] and here it can

be written as δVcav(t) = 1
2 V̂c[u(t) − iΦ(t)]. That makes

certain that ζ(t) is slow function of t. In frequency

domain:

ζ(ω) = −
αcω0ncav

4πE

eV̂c[u(ω) − iΦ(ω)]

ω2
s − ω2

.

For ω ' ωg,

δIbeam(ω) = i
αωgncavω0

4πE

eV̂cIdc[u(ω − ωg) − iΦ(ω − ωg)]

ω2
s − (ω − ωg)2

.

The Fourier component of the FB current

δIFB(ω) = GFB(ω)δVc(ω),

RLGFB(ω) = Hg[1 − i(ω − ωc)τd].
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Using V̂c = Zc(ωg)Îtot and the definition

δItot(ω) =
1

2
Îtot[a(ω − ωg) − ip(ω − ωg)],

= δIgen(ω) − δIFB(ω) − δIB(ω),

we get

a(ω) − ip(ω) =
2δIgen(ω + ωg)

Îtot

−
Hg

RL
[1 − i(ω + ωg − ωc)τd]Zc(ωg) [u(ω) − iΦ(ω)]

−i
ω2
s

2 sinφs

Zc(ωg)|Îb|

Vcav

[u(ω) − iΦ(ω)]

ω2
s − ω2

.
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That can be written using Îb = 2Idce
i(φs−φc), and

Y = 2R0Idc

Vcav
in the form

a(ω) − ip(ω) =
2δIgen(ω + ωg)

Îtot
− T (ω) [u(ω) − iΦ(ω)],

T (ω) = cos(ψ)eiψ [Hg (1 − i(ω + ωg − ωc)τd)

+
iω2
sY

2(1 + β) sinφs

ei(φs−φc)

ω2
s − ω2

,

where, for ncav cavities

ω2
s =

αωgω0eVcavncav sin(φs)

2πE
.

The system of homogeneous equations

a(ω) − ip(ω) = −T (ω)[u(ω) − iΦ(ω)],

u(ω) − iΦ(ω) =
Zc(ω + ωg)

Zc(ωg)
[a(ω) − ip(ω)].

define eigenvalues ω. The system is stable if all

eigenvalues are in the lower half plane of ω.
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The system can be written as the cubic equation for

x = ω/ωs:

(1−2ix
ωsQH
ωg

−i
QH
QL

tanψ) (x2−1) =
iY

2(1 + β)(1 +Hg) sin(φs)
.

As it was shown above, parameters Y and φc are

related,
1 + β

Y
= cosψ

sin(φs − φc)

sin(φc + ψ)
.
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Figure 6: Stability diagram (F. Pedersen).
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Figure 7: Stability diagram, see equation in the text.
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Figure 8: Growth rate vs FB gain Hg.
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6 Full longitudinal FBs

Figure 9: Full longitudinal feedback system.
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6.1 Comb filter

Figure 10: Real part of the transfer function of the comb

filter.
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6.2 Other loops

Tuner loop: minimize reflected power

Klystron saturation loop: control of the klystron

operating point

ripple loop: adjust modulator to maintain constant

gain/phase shift through modulator/klystron system

Gap FB loop: removes revolution harmonics from FB

error signal to avoid saturation of the klystron

Woofer link : use the cavity as a kicker for low

frequency modes
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6.3 Noise of the FB

For longitudinal FB, see S.H. +A. Chao

SLAC-PUB-10167 (2003)

7 Bunch-by-bunch longitudinal

FB

Figure 11: Schematic of the bunch-by-bunch longitudi-

nal FB.
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Figure 12: Diagnostics with the bunch-by-bunch longi-

tudinal FB.
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8 Transverse FB

Figure 13: Schematics of the transverse FB.

However: Gproto may eliminate the DSP
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